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Abstract

In this paper, we consider Discretized Neural Networks (DNNs) consisting of low-precision
weights and activations, which suffer from either infinite or zero gradients due to the non-
differentiable discrete function in the training process. In this case, most training-based
DNNs employ the standard Straight-Through Estimator (STE) to approximate the gradient
w.r.t. discrete values. However, the STE gives rise to the problem of gradient mismatch,
due to the perturbations of the approximated gradient. To address this problem, this
paper reveals that this mismatch can be viewed as a metric perturbation in a Riemannian
manifold through the lens of duality theory. Further, on the basis of the information
geometry, we construct the Linearly Nearly Euclidean (LNE) manifold for DNNs as a
background to deal with perturbations. By introducing a partial differential equation on
metrics, i.e., the Ricci flow, we prove the dynamical stability and convergence of the LNE
metric with the L2-norm perturbation. Unlike the previous perturbation theory whose
convergence rate is the fractional powers, the metric perturbation under the Ricci flow
can be exponentially decayed in the LNE manifold. The experimental results on various
datasets demonstrate that our method achieves better and more stable performance for
DNNs than other representative training-based methods.

Keywords: Discretized Neural Networks, Gradient Perturbation, Information Geometry,
Ricci Flow, Riemannian Manifold

1. Introduction

Discretized neural networks (DNNs) (Courbariaux et al., 2016; Li et al., 2016; Zhu et al.,
2016) have been proven to be efficient in computing, which can significantly reduce compu-
tational complexity, storage space, power consumption, resources, etc (Chen et al., 2020).
Considering a Discretized neural network (DNN) which is able to be well-trained, based on
the standard chain rule, the gradient w.r.t. the continuous weight! w propagating through

a discrete function Q(-), i.e., g—{jj = 85{;} 3 8%1(;"), suffers from either infinite or zero deriva-

1. In this paper, the continuous weight is relative to the neural network (its data type is full-precision).
And the discretized weight is relative to the discretized neural network (its data type is low-precision).
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(a) Gradient propagation with STE (b) Gradient propagation with metrics

Figure 1: Comparison of STE and our method. We denote the arrows and points as gradi-
ents and weights, respectively. In particular, when a point falls on the grid point,
it means that the weight is discretized at this time. In the forward of DNNs, the
continuous weight w is mapped to a discrete weight Q(w) via a discrete function.
In the backward, the gradient is propagated from 0L/0Q(w) to OL/0w. (a) The
STE simply copies the gradient, i.e., dL/0w = OL/0Q(w). (b) Our method,
on the other hand, matches the gradient by introducing the proper metric g,
i.e., OL/0w = g3,'0L/0Q(w), while taking into account the gradient mismatch
caused by STE in a Riemannian manifold.

tives. Its root is that the derivative 0Q(w)/0w can not be calculated. In the backward,
one can obtain the gradient OL/90Q(w), but need to update the continuous weight w via
the gradient 0L/0w. Since the gradient OL/0w can not be obtained explicitly, one needs
the derivative 0Q(w)/0w as a bridge to calculate 0L/0w via the chain rule.

In order to address the problem of either infinite or zero gradients caused by the non-
differentiable discrete function, Hinton (2012) first proposed the Straight-Through Estima-
tor (STE) that yields an immediate connection between 0L/0w and OL/0Q(w) in back-
propagation such that bypassing the derivative 0Q(w)/O0w. The definition of STE was
then given by Bengio et al. (2013), which can be summarized as: the gradient w.r.t. the
discretized weight can be approximated by the gradient w.r.t. the continuous weight with
clipping, as shown in Figure 1(a). Subsequently, Courbariaux et al. (2016) applied STE to
binarized neural networks and provided an approximated gradient as follows:

oL oL 1 if wl <1
w1 (1)

ow Osign(w) 1 where 1= { 0 otherwise

where I is the indicator function. Note that @Q(-) will degenerate to sign(-) which is equal to
+1 for w > 0 and —1 otherwise in binarized neural networks. STE had been successfully
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implemented in the training of binarized neural networks, and it was further extended to
ternary neural networks (Li et al., 2016) and arbitrary bit-width discretized neural net-
works (Zhou et al., 2016).

On the other hand, Non-STE methods consist in all techniques that do not rely on STE,
e.g., (Hou et al., 2016; Bai et al., 2018; Leng et al., 2018). However, the learning process of
Non-STE methods depends heavily on hyper-parameters (Chen et al., 2019), such as weight
partition portion in each iteration (Zhou et al., 2017) and penalty setting in tuning (Leng
et al., 2018). Hence, STE methods are widely used in DNNs rather than Non-STE methods
owing to their simplicity and versatility.

However, STE introduced into DNNs, inevitably gives rise to the problem of gradient
mismatch: the gradient w.r.t. the continuous weight is not strictly equal to the gradient
w.r.t. the discretized weight when |w| < 1 (Chen et al., 2019), which compromises the
training stability of DNNs (Cai et al., 2017; Liu et al., 2018; Qin et al., 2020). Furthermore,
the formula of STE tells us that this problem is able to be alleviated by modifying the
gradient 0L/0w.

Zhou et al. (2016) firstly proposed to transform the weight w into the new one w via

tanh(w)
max(|tanh(w)|)

ﬁ):

By discretizing the new weight w, the STE then acts on w. During back-propagation, the
gradient can be further computed as follows

oL oL 1- tanh?(w)
ow  9Q(w) max(| tanh(w)])’

1—tanh? (w)

The purpose of the authors is to manually redefine the indicator function I as Thax(] tanh(w)])

1—tanh? (w)
max (] tanh(w)|)
of the indicator function near £1. It is remarkable that Chen et al. (2019) proposed to learn

OL/O0w by a neural network, e.g., fully-connected layers or LSTM (Sak et al., 2014). Their
specific approach is to use neural networks as a shared meta quantizer My, parameterized
by v across layers to replace the gradient via:

oL < oL > ow

such that the function provides a smooth transition to avoid abrupt clipping

0Q(w)"*
where w is the weight from the meta quantizer. With the input of the gradient OL/0Q(w),
the meta quantizer will output a new gradient to match 0L/dw by updating the weight w
in the training process.

Recently, Ajanthan et al. (2021) formulated the binarization of neural networks as a
constrained optimization problem by introducing a mirror descent framework (Beck and
Teboulle, 2003) to perform gradient descent in the dual space (unconstrained space) with
gradients computed in the primal space (discrete space). In particular, by projecting the
primal space w into the dual space w = tanh(S,w) , the gradient can be yielded as

ow Y ow’

oL _ oL
ow  Ow

(1- tanhQ(ﬂkw)) .
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As the hyper-parameter f; — oo, w gradually approaches sign(w) until the corresponding
neural network is fully binarized with an adaptive mirror map.

However, Zhou et al. (2016) obtained the new weight by manually setting the function
tanh, which can only scale the gradient as a whole and do not fundamentally alleviate the
gradient mismatch. On the other hand, although Chen et al. (2019) automatically matched
the gradient by learning a new neural network (a meta quantizer), the additional errors are
also engendered in the gradient propagation due to the meta quantizer, leading to further in-
tensifying the problem of gradient mismatch. Subsequently, Ajanthan et al. (2021) bypassed
the problem of gradient mismatch because the derivative dw/dw = (1 — tanhz(ﬁkw)) can
be calculated directly, which implies that this method does not maintain discrete weights
during the training. Therefore, the problem of gradient mismatch still remains to be solved.

1.1 Contributions

In this work, we regard the gradient mismatch between 0L/0w and 0L/0Q(w) as a per-
turbation phenomenon between these two gradients. By introducing the framework of
Riemannian geometry in Figure 1(b), the gradient mismatch is further viewed as a met-
ric perturbation in a Riemannian manifold (Section 2.2) through the lens of duality the-
ory (Amari and Nagaoka, 2000; Amari, 2016). As a partial differential equation on metrics,
the Ricci flow (Sheridan and Rubinstein, 2006), is introduced, the metric perturbation can
be exponentially decayed in theory such that the problem of gradient mismatch is theoret-
ically solved. The main contributions of this paper are summarized in the following four
aspects:

e We propose the LNE manifold endowed with the LNE metric, which is a special
form of Ricci-flat metrics in essence. According to the information geometry (Amari,
2016), we construct LNE manifolds for neural networks as a background to deal with
perturbations.

e We reveal the stability of LNE manifolds under the Ricci-DeTurck flow with the L2-
norm perturbation on the basis of the relationship between the Ricci-DeTurck flow
and the Ricci flow. In this way, any Ricci flow starting close to the LNE metric
exists for all time and converges to the LNE metric. Furthermore, unlike the previous
perturbation theory whose convergence rate is the fractional powers (t*3/ 2), the metric
perturbation under the Ricci flow can give rise to exponentially decaying in the LNE
manifold (e™?), further bringing about theoretical assurance for effectively solving the
problem of gradient mismatch.

e Based on the appealing characteristics of LNE manifolds under Ricci Flow, a novel
DNNs with the acceptable complexity, i.e., Ricci Flow Discretized Neural Network
(RF-DNN) is developed by calculating the Ricci curvature in such a way that the
selection of coordinate systems is related to the input transformations of neural net-
works. In essence, the discrete Ricci flow is employed to overcome the problem of
gradient mismatch in traditional DNNs.

e The experiments are implemented on several classification benchmark datasets and
network structures. Experimental results demonstrate the effectiveness of our geo-
metric method RF-DNN compared with other representative training-based methods.
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1.2 Overall Organization

This paper is organized as follows. In Section 2, we introduce the motivation and Ricci
flow. According to the geometric structure measured by the LNE divergence, we deduce
the corresponding LNE manifold for neural networks in Section 3. The stability of LNE
manifolds under the Ricci-DeTurck is proved in Section 4. In Section 5, we calculate the
approximated gradient in the LNE manifold to avoid solving the inverse of the LNE metric.
In Section 6, we present how to introduce discrete Ricci flow into DNNs and yield the
corresponding algorithm. The experimental results and ablation studies for RF-DNNs are
presented in Section 7. Section 8 concludes the entire paper. Proofs are provided in the
Appendices.

The Ricci flow on Ricci-flat metrics is known in the literature to be stable for C? pertur-
bations in the L*°-norm (Section 2.4). Based on a Bregman divergence (Bregman, 1967),
the LNE metric, a special form of Ricci-flat metrics, is introduced in neural networks via
the LNE divergence (Theorem 10). Stability of LNE manifolds under the Ricci-DeTurck
flow is then proved (Corollary 15 and Theorem 16). A discretization of the Ricci flow is
therefore proposed, that leads to a practical algorithm (RF-DNNs, Algorithm 2).

2. Motivation and Formulation

2.1 Background

We start with the basic background for feed-forward DNNs that will be used throughout
the paper. This background is on the basis of the work (Martens and Grosse, 2015). And
we list the important notations in Appendix B.

A neural network can be regarded as a function to transform the input ag into the
output a; through a series of [ layers. For the i-th layer (i € {1,2,...,1}), we denote W
as the weight matrix, s; as the vector of these weighted sum and a; as the vector of output
(also known as the activation). Each layer receives vectors of a weighted sum of the input
from the previous layer and calculates their output via a nonlinear function.

For a DNN, we need to add a discrete function Q(-) to discretize the weight matrix
W and the activation vector a;. Furthermore, we mark the discretized weight matrix as
W, = Q(W;) and the discretized activation vector as @; = Q(a;). Then the feed-forward
of DNNs at each layer is given as follows:

si= Wi

a;=f0Os; (2)

a; = Q(a;)
where f is a nonlinear (activation) function, ® represents the element-wise multiplication.
We vectorize W ; as vec(W;) and stack their columns together, where vec(x) is the operator
that vectorizes a matrix as a column vector. Note that the vectorized weights in each layer
before and after discretization are expressed as w and w, respectively. We define the new

T
N A N\ T ~N\T A NT
discretized parameter vector as £ = |vec <W1> , Vec (WQ) s, VEC (Wl> ] , Where
we ignore the bias vector for brevity. Similarly, we can denote the parameter vector as
T
T T T 3

¢ = [veC(Wl) Jvec (W) ,...,vec (W) } where € = Q(€).
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In frequentist statistics, we represent the loss function as the negative log likelihood
w.r.t. discretized parameter &, where the input ag can be observed. The way minimizing
the loss function is to maximize the likelihood:

L(y,z) = —logp (y!z,é) (3)

where y is the target and z is the prediction calculated by DNNs. Note that p (y|z7 é) is

the probability density function defined by the conditional probability distribution P, (é)
of DNNs. As for the back-propagation of DNNs, the details are given in later sections.

2.2 Motivation

We consider that the root of the gradient mismatch is that there is a perturbation phe-
nomenon between 0L/0w and IL/0Q(w), i.e.,

87[’ —P <8L>
w 0QW) /) lo(554)

where the input of the perturbation function P is the gradient dL/0Q(w), and the corre-
sponding perturbation range is O (OL/0Q(w)). If the perturbation range O (0L/0Q(w))
can be significantly eliminated or decayed, then there is an elegant solution to the problem
of gradient mismatch. In the framework of perturbation theory of the linear space (Kato,

(4)

2013), the rate of convergence for perturbations is the fractional powers, e.g., t3/2,
Section 2.2 Section 3 Section 4
Duality theory Information geometry Ricci flow
LNE . Stability of LNE manifolds
metric
(Equation 16) / \
Metri bati T Finite time ___ All time
etric perturbation (Corollary 15) (Theorem 16)

LNE divergence
(Theorem 10)

!

Gradient mismatch

Lemma 14 /Co:ollo.ry 33

Lemma 31  Theorem 32

—— 1

Definition 29  Definition 30

Bregman divergence

(Definition 8)

Convex function
(Equation 14)

Figure 2: The overview of the theoretical ideas in this paper.
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Inspired by the mirror descent ? framework (Beck and Teboulle, 2003), one can map the
parameter from the primal space to the dual space, and then calculate the gradient in the
dual space. When the Riemannian metric structures are introduced by means of information
geometry (Amari, 2016), naturally 3, the gradient mismatch is conclusively viewed as a
metric perturbation in a Riemannian manifold. Specifically, with the help of Definition 1, it
is obvious that the gradient dL/dw will be rewritten as dL/0w in a Riemannian manifold.
Therefore, based on Equation (4), the problem of gradient mismatch can be defined as

oL  _, oL

ow Juw 0Q(w)

()

where the perturbation item is implied in the metric g,, and the term #{“w) can be con-

sidered as the conventional gradient dL(w) in Definition 1. Then the metric perturbation
phenomenon emerges, and the perturbation at this time is referred to the deviation from the
original metric. In this way, we present the generalization of STE in a Riemannian manifold
which will degenerate into the standard STE when the Riemannian metric g returns to the
Fuclidean metric 9.

Definition 1 (Amari, 1998) The steepest descent direction of L(w) in a Riemannnian
manifold, i.e., the natural gradient descent, is given by

OL(w) = g, OL(w)

where g~ = (g¥) is the inverse of the metric g = (gi;) and OL(w) is the conventional
gradient,

 [0L(w) OL(w)]"

| ow, T ow, '

dL(w)

Subsequently, a key question is what kind of manifolds we need to construct to deal
with metric perturbations naturally and easily. Or what manifold is a “good” manifold in
the presence of perturbations. In practice, it seems that general relativity gives an excellent
example in nature to deal with small gravitational perturbations under the framework of a
Riemannian manifold (Wald, 2010). To treat the approximation in which gravity is “weak”,
the spacetime metric is nearly flat in the context of general relativity, which is enough for
most cases, except for phenomena dealing with gravitational collapse and the large scale
structure of the universe. By assuming that the deviation «;; of the actual spacetime
metric g;; = 1;; + vi; from a flat metric 7;; is “small”, the linearized gravity is presented
to approximately calculate the gravity in general relativity. An adequate definition of
“smallness” in this context is that the components of 7;; are much smaller than 1 in the
global inertial coordinate system of 7;;. Such a linearly nearly flat metric greatly simplifies

2. Mirror descent induces non-Euclidean structure by solving iterative optimization problems using different
proximity functions (Bubeck et al., 2015).

3. Natural gradient descent selects the steepest descent along a Riemannian manifold by multiplying the
standard gradient by the inverse of the metric tensor (Amari, 1998).1t is worth mentioning that mirror
descent and natural gradient descent are proven to be equivalent to each other (Raskutti and Mukherjee,
2015), which implies that mirror descent is the steepest descent direction along the Riemannian manifold
corresponding to the choice of Bregman divergence.
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the calculation of “weak” gravity, and the manifolds constructed with such metrics are
considered to be sufficient for approximating the manifold with perturbations.

Similarly, in this paper, by regarding the Euclidean metric d;; as the flat metric 7;;, we
can naturally define the Linearly Nearly Euclidean (LNE) metric. If we can construct such
a metric for DNNs, then a metric perturbation can be handled in the background of LNE
manifolds. Motivated by the natural gradient descent (Amari, 2016) that connects neural
networks with the Riemannian metric, LNE metrics can be mathematically constructed in
neural networks. Specifically, our aim is to first introduce a convex function to derive the
LNE divergence with the help of Bregman divergence (Bregman, 1967), and then construct
the LNE metric by introducing the LNE divergence into a neural network 4. Consequently,
the LNE metric appears in the gradient of the LNE manifold, similar to Definition 1. Finally,
based on the constructed manifold for DNNs, the only remaining problem is how to rapidly
decay the metric perturbation by employing a geometric tool, i.e., Ricci flow.

In addition, a series of proofs about the stability illustrates that the Ricci flow can decay
the metric perturbation in the cases of Ricci-flat metrics. Therefore, as long as we can prove
that a small perturbation of the LNE metric under the Ricci flow is decayed, the metric
perturbation can be alleviated such that a theoretical solution for the problem of gradient
mismatch in the training of DNNs is further given. Unlike the previous perturbation theory
whose the convergence rate is the fractional powers, the metric perturbation under the Ricci
flow can be exponentially decayed in the LNE manifold. In Figure 2, we give the overview
of the theoretical ideas to facilitate sorting out the solution steps.

2.3 Ricci Flow

Definition 2 (Sheridan and Rubinstein, 2006) A Riemannian metric on a smooth man-
ifold M is a smoothly-varying inner product on the tangent space T, M at each point p € M,
i.e., a (0,2)-tensor which is symmetric and positive-definite at each point of M. One will
usually write g for a Riemannian metric, and g;; for it coordinate representation. A mani-
fold together with a Riemannian metric, (M, g), is called a Riemannian manifold.

The concept of Ricci flow was first proposed by Hamilton (Hamilton et al., 1982) on the
Riemannian manifold M, based on Definition 2, of a time-dependent metric g(¢). Given
the initial metric gg, the Ricci flow is a partial differential equation that evolves the metric
tensor:

o 0(t) = ~2Rie(g(1)

9(0) = go

(6)

where Ric denotes the Ricci curvature tensor and the detailed definition can be found in
Appendix A. The purpose of Ricci flow is to prove Thurston’s Geometrization Conjecture
and Poincaré Conjecture, which is to evolve the metric towards certain geometric structures
and topological properties (Sheridan and Rubinstein, 2006).

4. The part from a convex function to the LNE divergence is in the mirror descent framework. Then, the
part from the LNE divergence to the LNE metric introduces the idea of information geometry.
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Corollary 3 (Sheridan and Rubinstein, 2006) The Ricci flow is strongly parabolic if
there exists § > 0 such that for all covectors ¢ # 0 and all (symmetric ) h;j = %gij (t) #0,
the principal symbol of the differential operator —2 Ric satisfies

[—2Ric](¢)(h)ijh" = ¢" (pppahi + Pitihpg — Papilip — Lapihip) W7 > dprphysh"™
where hJ is the inverse of hij.

Theorem 4 (Ladyzhenskaia et al., 1988) Suppose that u(t) : M x [0,T) — & is a time-
dependent section of the vector bundle € where M is a Riemannian manifold. If the system
of the Ricci flow is strongly parabolic at ug where ug = u(0) : M — &, then there erists a
unique solution on the time interval [0,T).

Combined with Corollary 3 and Theorem 4, one knows whether there exists a unique
solution of Ricci flow for a short time by checking whether it is strongly parabolic. However,
if we choose h;; = @;p;, it is clear that the left hand side of the inequality in Corollary 3 is
0, thus the inequality can not hold. Since the inequality can not always be satisfied, Ricci
flow is not always strongly parabolic, which makes us unable to assure the existence of
the solution according to Theorem 4. In what follows, the non-poarabolic root is analyzed
and the solution can be found on the basis of the relationship between the Ricc flow and
the Ricci-DeTurck flow. Now, it is possible to understand which parts have an impact on
its non-parabolic nature by the linearization of the Ricci curvature tensor. We define the
linearization of the Ricci curvature as D[Ric] so that

D[RIC] <8atgij(t)> = ;Rlc(gw(t))

Lemma 5 The linearization of —2Ric can be rewritten as ©
D[—Q RiC](h)i]‘ = gququhij + VZV; + VJVZ + O(hw)

1 7
where  V; = g™ <2V¢hpq - thpl’) and h;j = %gij(t)- "

Proof The proofs can be found in Appendix C.1. |

By carefully observing Lemma 5, the impact on the non-parabolic of Ricci flow comes
from the terms V; and V; (Sheridan and Rubinstein, 2006), instead of the term gP?V,Vh;;.
On the other hand, the term O(h;;) will have no contributions to the principal symbol of
—2Ric, so we can ignore it in this problem. Next, we try to eliminate the impact of the
non-parabolic nature on the Ricci flow.

5. The Riemannian metric g;; is always symmetric based on Definition 2. Hence, h;; = %gi]‘(t) is required
to be symmetric.

6. In this paper, we use the Einstein summation convention (for example, (AB)? = A¥B/). When the same
index appears twice in one term, once as an upper index and the other time as a lower index, summation
is automatically taken over this index even without the summation symbol.
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Using a time-dependent diffeomorphism ¢(t) : M — M (with ¢(0) = id), the pullback
metrics g(t) can be expressed as

g9(t) = " (1)g(t), (8)

which satisfies the Ricci flow equation, where ¢*(¢) is the pullback through ¢(t). The
above formula yields the new metric g(¢) via the pullback, and the terms V; and Vj; can
be reparameterized by choosing ¢(t) to form the Ricci-DeTurck flow (w.r.t. g(¢)) that is
strongly parabolic. Furthermore, the solution is followed by the DeTurck Trick (DeTurck,
1983) that has a time-dependent reparameterization of the manifold:

gtg(t) — “2Ric(5(t)) — Lown 5(t)

i (9)
g(0)

9o,

See Appendix C.2 for details. Thus, the Ricci-DeTurck flow has a unique solution for a
short time. For the long time behavior, please refer to Appendix C.3.

2.4 Literature

For the Riemannian n-dimensional manifold (M™, g) that is isometric to the Euclidean n-
dimensional space (R",d), Schniirer et al. (Schniirer et al., 2007) have showed the stability
of Euclidean space under the Ricci flow for a small CY perturbation. Koch et al. (Koch and
Lamm, 2012) have given the stability of the Euclidean space along with the Ricci flow in
the L>°-norm. Moreover, for the decay of the L>-norm on Euclidean space, Appleton (Ap-
pleton, 2018) has provided a proof using a different method.

On the other hand, for a Ricci-flat metric with small perturbations, Guenther et al. (Guen-
ther et al., 2002) proved that such metrics would converge under Ricci flow. Considering
the stability of integrable and closed Ricci-flat metrics, Sesum (Sesum, 2006) has proved
that the convergence rate is exponential because the spectrum of the Lichnerowicz operator
is discrete. Furthermore, Deruelle et al. (Deruelle and Kroncke, 2021) have proved that
an asymptotically locally Euclidean Ricci-flat metric is dynamically stable under the Ricci
flow, with the L?N L perturbation on non-flat and non-compact Ricci-flat manifolds. Our
work is also discussed on Ricci-flat manifolds.

3. Neural Networks in LNE Manifolds

The aim of this section is to bulid a LNE manifold via the information geometry (Amari,
2016) such that paving the way for the introduction of Ricci flow. Specifically, we first
introduce a convex function (Equation (14)) to derive the LNE divergence (Theorem 10)
with the help of Bregman divergence (Definition 8), and then construct the LNE metric
(Equation (16)) by introducing the LNE divergence into a neural networks. Consequently,
the LNE metric then appears in the steepest descent gradient (Lemma 11) of the LNE
manifold. Of course, the mirror descent algorithm (Beck and Teboulle, 2003) can also
equivalently construct the relationship between divergences and gradients, but it lacks the
geometric meaning (manifold and metric) that is exactly what we need.

10
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3.1 Neural Network Manifold

A neural network is composed of a large number of neurons connected with each other.
The set of all such networks forms a manifold, where the weights represented by the neuron
connections can be regarded as the coordinate system.

For the n x n matrix, all such matrices form an n?-dimensional manifold. Specifically,
the matrix forms the n(n + 1)/2-dimensional manifold, i.e., a submanifold embedded in the
manifold of all the matrices when this matrix is symmetric and positive-definite (Sheridan
and Rubinstein, 2006). Note that such a matrix is described as the metric in the geometry
theory. Since symmetric and positive-definite matrices have many advantages, which lead
to wide implementations in real-world applications, our method will also construct such
symmetric and positive-definite matrices (metrics) with some appealing geometric charac-
teristics in neural networks.

Remark 6 Comparing straight lines in Euclidean space, geodesics are the straightest pos-
sible lines that we can drow in o Riemannian manifold. Given a geodesic, there exists a
unique non-FEuclidean coordinate system. Once the curved coordinate system is selected in
a Riemannian manifold, the symmetric and positive-definite metric is also given based on
Definition 2. That geometry-based metric can describe the properties of manifolds, such as
curvature (Helgason, 2001 ).

3.2 Euclidean Space and Divergence

From the viewpoint of the information geometry, the metric can be deduced by the diver-
gence satisfying the certain criteria (Basseville, 2013), which is summarized as Definition 7.

Definition 7 (Amari, 2016) D|P : Q] is called a divergence when it satisfies the following
criteria:

(1) D[P : Q] >0,

(2) DIP : Q] = 0 when and only when P = Q,

(8) When P and Q are sufficiently close to each other, and their coordinates are denoted
by Ep and §g = &p + d§ respectively, the Taylor expansion of the divergence can be written
as

1
D[¢p : &gl = 3 Zgij(ép)dﬁidfj + O(|d€P), (10)
12
and the Riemannian metric g;; is positive-definite, depending on &p.

When P and @ are sufficiently close where these two points are expressed in coordinates
as {p and £ (column vectors), the square of an infinitesimal distance ds? between them
by using Definition 7 can be defined as:

ds* =2D[ep : €g) = 3 gij(€p)désde; (11)
4,J

where d€ denotes a sufficiently small coordinate variation between the coordinates §p and
€. Here we can ignore the higher order term O(|d€|?) for the sake of simplicity and
convenience. A manifold M is said to be Riemannian when a postive-definite metric g;; is

11
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defined on M and the square of the local distance between two nearby points §p and & is
given by Equation (11). A divergence D provides M with a Riemannian structure.

Using an orthonormal Cartesian coordinate system in the Euclidean space, the Euclidean
divergence is naturally defined as a half of the square of the Euclidean distance between
two nearby points & and &’

Dole: €)= 5 Y (6 - €) (12)

%

The Riemannian metric g;; degenerates into the Euclidean metric d;; in this case, so that

ds® = 2Dl : £+dg) = (d6)* = dijd&,de;. (13)

i .3

Obviously, the Euclidean divergence satisfies the criteria of divergence. Note that the Eu-
clidean metric d;; is the identity matrix I where we still retain the notation of metrics for
the sake of the representation habit in the geometry theory.

3.3 LNNE Manifold and Divergence

Recall that 7, in general relativity (Wald, 2010), the complete Riemannian manifold (M, g)
that is endowed with a linearly nearly flat spacetime metric, is considered to solve the
Newtonian limit by the linearized gravity. The form of this metric is g;; = 1;; + 7;; where
7n;; represents a flat Minkowski metric whose background is special relativity and -;; is
smallness. In practice, this is an excellent theory of small gravitational perturbations when
gravity is “weak”.

Similarly, we give a metric g;; = J;; +;; in Riemannian n-manifold where d;; represents
a flat Euclidean metric. An adequate definition of “smallness” in this context is that the
components of v;; are much smaller than 1 in the global inertial coordinate system of d;;.
Therefore, we can systematically develop the LNE metric to cope with small perturbations.

3.3.1 CoNVEX FUNCTION AND BREGMAN DIVERGENCE

In order to construct the LNE manifold endowed with the LNE metric in the neural network,
according to Definition 7, we can introduce the divergence to obtain the expression of the
LNE metric, similar to the relationship between Euclidean metric and divergence.

The premise of constructing a divergence is to find a suitable convex function. There
are many applications for different convex functions in physics and optimization (Bubeck
et al., 2015). Thus, we can introduce a nonlinear function ®(£) of coordinates & as the
convex function with a certain geometric structure to satisfy the needs of constructing the
LNE divergence. When considering a differentiable function, it is said to be convex if and
only if its Hessian is positive-definite

1) = (52566

7. The link between the LNE manifold and general relativity can be found in Section 2.2.

12
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Definition 8 (Bregman, 1967) The Bregman divergence Dpgl€ : &'] is defined as the
difference between a convex function ®(&) and its tangent hyperplane z = ®(¢') + (& —
YV (¢), depending on the Taylor expansion at the point &':

Dpl§: €] =2(&) - ®(&) — (£ - &)Ve(E).
By drawing a tangent hyperplane touching it at the point &’

z=0(¢) + (£ -€E)Ve(E),

we can write the distance between the convex function ®(£) and the tangent hyperplane
2 as the Bregman divergence. Considering it as a function of two points &€ and &', we can
easily know that it satisfies the criteria of divergence. Since ®(&) is convex, the graph of
P (¢) is always above the tangent hyperplane, touching it at £'. The graph describing their
relationship is shown in Figure 3, where z is the vertical axis of the graph.

/e

Figure 3: The divergence D[€ : £'] is viewed as the distance between the convex function
®(¢) and the tangent hyperplane 2. And z depends on the point & at which the
supporting hyperplane with normal vector n = V®(¢’) is defined.

Remark 9 In fact, a divergence is derived from a convex function in the form of the
Bregman divergence. By choosing different convex functions, for example, we can easily
obtain the Fuclidean divergence from the Bregman divergence, by defining the convex func-
tion: ®(€) = 1/2>.&2 in a Buclidean space. Besides, given the convex function: ®(€) =
Zip(w,&) logp(w7§i) where le(w,&) = Zzp(x7§;) = fp(w7£)d£ = fp(x7€/)d£/ =11s

satisfied, the Bregman divergence is the same as the KL divergence.

3.3.2 LNE DIVERGENCE AND GRADIENT

Similar to the Bregman divergence with a convex function, we try to construct a new convex
function to obtain the LNE divergence on which the LNE metric emerges naturally on the
basis of Definition 7. Inspired by the previous work (Ajanthan et al., 2021), we propose a

13
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novel convex function, which satisfies symmetry and is able to geometrically construct an
easy-to-compute metric with the linearly nearly Euclidean nature:

2() = 3~ lo (cosh(r&1) (14

i

where 7 is a constant parameter that is used to control how linearly close to Euclidean
structure.

Theorem 10 By introducing a convex function ® defined by Equation (14) into Defini-
tion 8, the LNE divergence between two points & and &' yields

Dunile’ €= 3 | 1o ST - el ) anhre)

7

(15)
1 T
ok ; {&J - [tanh(Tﬁ) tanh (7€) Lj d&d@} .
Proof The detailed proofs can be found in Appendix E.1. |

Comparing with Definition 7, we know that the LNE metric corresponding to the LNE
divergence is

g(&) = d;j — |tanh(7E) tanh(Tf)T}
1 — tanh(7&) tanh(7&) -+ —tanh(7&;) tanh(7E,) (16)

ij

- tanh(Tfn‘) tanh(7&) - 1-— tanh(Tf;L) tanh(7&,)

Based on Section 3.1, we are able to employ the parameters of a neural network to
construct the LNE metric (for a neural network, the coordinate £ is the parameter vector).
As a result, we can describe the neural network in the LNE manifold, as measured by the
LNE divergence based on Theorem 10. Naturally, the steepest descent gradient in the LNE
manifold is given by Lemma 11, which is similar to the natural gradient in Definition 1.

Lemma 11 The steepest descent gradient measured by the LNE divergence is defined as

-1
e = (€)' = [5 — tanh(r€) tanh(Tg)T] O (17)
Proof The proofs can be found in Appendix E.2. |

On the constructed LNE manifold, we can introduce the Ricci flow to decay the metric
perturbation w.r.t. the LNE metric.
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3.4 Convergence Analysis

We can now describe the mirror descent via the Bregman divergence associated to ®. Let
C C R" be a convex open set such that X C C (C is the closure of C), and X NC # (). When
x¥ € arg minge ync ®(x) is the initial point, for iteration k > 0 and step size 1, the update
of the mirror descent can be written as:

Vo (y*) = Vo () — no*

ot k41 (18)

=arg min Dpglx
& ernc [y

where 0% € OF (x*) and y**! € C.

Theorem 12 (Bubeck et al., 2015) Let ® be a mirror map p-strongly conver on X NC
w.r.t. ||-]|. Let R? = supgyexnc ®(x) — ®(2°), and F be convexr and L-Lipschitz w.r.t. || -|.

Then mirror descent with n = %\/ 27" satisfies

1=t 2
Fl= k| - F(xz*) < RLy/=.

In this paper, the mirror descent is obtained by taking Equation (14) on C = R"™. The
function ® (&) is a mirror map 1-strongly convex w.r.t. ||-||2, and furthermore the associated
Bregman divergence is given by Theorem 10. In that case, the mirror descent is equivalent to
projected subgradient descent, and the rate of convergence is O(1/+/t), which is consistent
with the standard mirror descent (Theorem 12). Of course, this gives the same convergence
as (Ajanthan et al., 2021).

It is easy to verify that the projection w.r.t. this Bregman divergence on the simplex
Ap={{eR": Y " & =1} amounts to a simple renormalization (Bubeck et al., 2015).
For X = A, one has ° = (1/n,--- ,1/n) and R? = log(coshn). In that case, the mirror

descent with the Equation (14) achieves a rate of convergence of order w.

4. Evolution of LNE Manifolds under Ricci Flow

In this section, we will focus on LNE metrics under Ricci flow, and prove that the evolution
of LNE manifolds can achieve good performances in terms of stability (all time), i.e., the
Ricci flow can exponentially decay the L?-norm perturbation to the LNE metric.

4.1 Relationship between LNE Metrics and Ricci Flow

To facilitate the handling of the metric perturbation, we have given the LNE metric in
Equation (16), a special form of Ricci-flat metrics (Guenther et al., 2002; Deruelle and
Kréncke, 2021), which means that the Ricci-flat metrics on noncompact manifolds are LNE.
In particular, the constructed metric g(£) in Equation (16) is LNE, which is equivalent to
either go under the Ricci flow or gy under the Ricci-DeTurck flow since go and gy are
diffeomorphic ® to each other on the basis of Equation (8).

8. When there exists a Ricci flow, the corresponding Ricci-DeTurck flow exists, and vice versa.

15
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The full statement of the LNE metric is the linearly nearly Euclidean Ricci-flat metric
in Definition 13 given on the basis of the previous work (Deruelle and Kroncke, 2021).

Definition 13 A complete Riemannian n-manifold (M™, go) is said to be LNE with one
end of order v > 0 if there exists a compact set K C M, a radius v, a point x in M and a
diffeomorphism satisfying ¢ : M\K — (R™\B(z,r))/SO(n). Note that B(xz,r) is the ball
and SO(n) is a finite group acting freely on R™\{0}. Then

94(@a)|, = O6™H) k=0 (19)

holds on (R™\B(z,1))/SO(n). The LNE metric go can be linearly decomposed into a form
containing the Fuclidean metric 6 and the deviation ~y:

go=10+7. (20)

4.2 Finite Time Existence

In this subsection, we consider the linear stability and integrability of the LNE manifold
(M™, go). Fortunately, similar to the previous proofs (Koiso, 1983; Besse, 2007), we can
know that (M", go) is integral and linearly stable based on Definition 29 and Definition 30.

Due to the diffeomorphic relationship between the Ricci flow and the Ricci-DeTurck
flow, we introduce a metric perturbation for the Ricci-DeTurck flow, and Equation (9) can
be further reformulated as follows:

%g(t) = —2Ric(g(t)) — ﬁ%g(t) (21)
9(0) = go+d

where d = §(0) — go is a metric perturbation deviated from the LNE metric gy. Corollary 15
guarantees the finite time existence of the Ricci-DeTurck flow w.r.t. L?-norm perturbations,
and then provides the necessary premise for proving its all time convergence.

Lemma 14 (Bamler, 2010, 2011) Let (M™, go) be a complete Ricci-flat n-manifold. If g(0)
is a metric satisfying ||g(0) — go|lz~ < € where € > 0, then there exists a constant C < oo
and a unique Ricci—DeTurck flow g(t) that satisfies

19() = gollze= < C|g(0) — Gollz= < C- . (22)

Corollary 15 Let (M", go) be the LNE n-manifold. For a Ricci—-DeTurck flow g(t) on a
mazximal time interval t € [0,T) and k € N, there exists constants Cy, = Ci(go,T') such that

IV*d()]] 2 < Oy - 772 (23)
where d(t) = g(t) — go is the time-evolving perturbation.

Proof When Lemma 14 satisfies in a finite time, according to (Deruelle and Kroéncke,
2021), the Ricci-DeTurck flow with the LNE metric w.r.t. the L?-norm perturbation exists.
|
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4.3 All Time Convergence for L?-norm Perturbations

In order to prove the all time stability of LNE metrics under Ricci-DeTurck flow, we need
to construct go(t) that is a family of Ricci-flat reference metrics with %go(t) =0((g(t) —
go(t))?). Let

F={at) € M" | 2Ric(g(t)) + Loz 3(t) = 0

be the set of stationary points under the Ricci-DeTurck flow. Then, we are able to establish
a manifold via an L?-neighbourhood U of integral gy in the space of metrics

F=Fnu. (24)

For all § € F, the terms Ric(g(t)) = 0 and Lay §(t) = 0 hold individually, based on the
ot

previous work (Deruelle and Kroncke, 2021). In this way, d(t) — do(t) = g(t) — go(t) holds
because we write do(t) = go(t) — go.

According to Theorem 16, it is obvious that the L?-norm metric perturbation w.r.t.
the LNE metric can be dynamically decayed by the Ricci-DeTurck flow. See the details in
Appendix D.

Theorem 16 Let (M™, go) be the LNE n-manifold which is linearly stable and integrable.
For any metric g(t) € Br2(go, €2) where a constant ez > 0, there is a complete Ricci—DeTurck
flow (M™,g(t)) starting from g(t) converging to the LNE metric g(oo) € Brz2(go, €1) where
€1 15 a small enough constant.

Proof By Lemma 14, we have a constant ez > 0 such that d(¢) € B;2(0,€2) holds. By
Lemma 31 (in the second step) and Corollary 33 (in the third step), we can obtain

T
o2 < € / ;dam L
<c/ 1790 (d(t) — do(t)) %, dt
< C (1) — do(1) 2 < ClA) 2 < € ().

Furthermore, we can obtain from the above formulas
1d(T) = do(T)[| 2 < [|d(1) — do(1)][ 12 < C - €.
By the triangle inequality, we get
(D)2 < C - (e2)* + C - en.
Followed by Corollary 15 and Lemma 31, T" should be pushed further outward, i.e.,

< lim sup ||V (d(t) — do(t

2 t=too HL2 =0

t—+00

lim supHdg ‘

Thus, g(t) will converge to g(oo) = go + dp(c0) as t approaches +o00 based on the elliptic
regularity. In other words, d(t) — do(t) will converge to 0 as t goes to +00 w.r.t. all Sobolev
norms (Minerbe, 2009),

lim_[ld(t) — do(®)l> < Tim_C |97 (d(t) — doft

=0.
t—+00 2

D,
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Any Ricci-DeTurck flow that starting close to the LNE metric exists for all time, and the
Ricci-DeTurck flow will converge to the LNE metric following with (Deruelle and Kroncke,
2021). ]

4.4 Perturbation Analysis

By proving the finite time existence of the Ricci-DeTurck flow with L?-norm perturbations
(Corollary 15), we then prove that L?-norm perturbations w.r.t. the LNE metric converges
for all time under the Ricci-DeTurck flow (Theorem 16). Based on (Sesum, 2006), we further
yield |g(t) — go(oo)| < Ce™2! such that the metric perturbation exponentially converges.

Recall that we can reparameterize g(t) to g(t) = ¢*(t)g(t) via the pullback. Since
the perturbation entirely comes from g(t) and has nothing to do with the time-dependent
diffeomorphism ¢*(¢) in essence, it also exponentially converges for g(t) under the Ricci flow
when the existence of the solution of Ricci flow satisfies. And in Section 3, the metric g(§) =
dij — [tanh(7€) tanh(TE)T]Z.j we construct for the neural network is a kind of LNE metrics
(based on Definition 13), so the perturbation for this metric satisfies the exponential decay
under the Ricci flow. In what follows, the gradient mismatch in DNNs can be effectively
overcome by employing the LNE manifolds under Ricci flow.

5. Discretized Neural Networks in LNE Manifolds

Up to now, we have theoretically solved the problem of gradient mismatch. Specifically,
we have completed the construction of LNE manifolds for neural networks in Section 3 and
exponentially decayed the metric perturbation in LNE manifolds in Section 4.

However, based on Lemma 11, there is the inverse of the LNE metric for the steepest
descent gradient in the LNE manifold, which makes it difficult to be calculated in practice.
Therefore, in this section, our aim is to approximate the inverse of the LNE metric, and
further obtain the approximated gradient in the LNE manifold, that leads to the practical
algorithm for training DNNs in the LNE manifold.

5.1 Gradient Computation in Discretized Neural Networks

Recall that Courbariaux et al. (2016) applied STE to binarized neural networks, whose
form is given in Equation (1). Then, Zhou et al. (2016) applied STE to arbitrary bit-
width discretized neural networks. Similarly, the generalization of STE in discretized neural

networks yields
oL oL
—=——"1 (25)
ow  0Q(w)

There is still a contradiction to be solved before the LNE manifold is introduced into the
DNN. Based on Lemma 11, the LNE manifold is defined on the parameter £ of all layers in
a neural network. However, the gradient in back-propagation is defined layer-by-layer, i.e.,
on the weight w of each layer, which causes that the gradient update can not be associated
with the LNE manifold. Fortunately, the LNE manifold can be layer-by-layer redefined by
replacing & with w, which is equivalent to defining the LNE manifold for each layer. And
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on the basis of Lemma 11, the steepest descent gradient is rewritten as

Ow =g H(wW)0y = {5 — tanh(rw) tanh(Tw)T] Ow (26)
which can be used for the gradient computation in DNNs; i.e.,
oL

e [5 — tanh(Tw) tanh(Tw)T}

-1 0L
0Q(w)

Further, the proposed gradient in above means that we are in the framework of solving the
problem of gradient mismatch, similar to Equation (5). Note that the metric at this time
is layer-by-layer LNE. On the other hand, gradient computation involves the inverse of the
LNE metric, which greatly consumes computing resources. Hence, we propose two meth-
ods for approximating the gradient of DNNs in LNE manifolds: weak approximation and
strong approximation, respectively. The approximated gradient is defined as the direction
in parameter space that gives the largest variation in the objective per unit of variation
along the layer-by-layer LNE manifold.

(27)

5.2 Strong Approximation

w4 P
S lgw) MLP
Wy
A
'a N\
w, =\ Loss function ,:

Figure 4: Flow chart of strong approximation of g~ (w). The new entries P and A produced
by neural network form a matrix G, which will multiply by the metric g(w). As
the loss function defined by Equation (28) decreases, the matrix G can be used
to approximate the inverse of the metric g(w).

For the n x n symmetric metric g(w), it can be decomposed in terms of the combination
of entries P and A, where P is the entries made up of the elements of the lower triangular
matrix that contains n(n—1)/2 real parameters and A is the entries made up of the elements
of the diagonal matrix that contains n real parameters.

Our aim is to approximate the inverse of the LNE metric, and further approximate the
gradient in Equation (27). Based on the universal approximation theorem (Cybenko, 1989;
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Hornik, 1991), a continuous function on compact subsets can be approximated by a neural
network with a single hidden layer and a finite number of neurons (Jejjala et al., 2020).
Inspired by this work, we also introduce a multi-layer perceptron (MLP) neural network,
as shown in Figure 4, to minimize the loss function

L= |1 -gw)G|?. (28)

Hence, the matrix G can be used to strongly approximate the inverse of the metric g(w).

5.3 Weak Approximation

In this subsection, we can also present a weak approximation for the inverse of the LNE
metric with the efficient calculation.

Definition 17 (Bhatia, 2013) For A € R™*", A is called diagonally dominant when it

satisfies
n

‘aii}> Z |aij‘, 1=1,2,....,n.
J=1,j#

Definition 18 (Bhatia, 2013) If A € R™™ is a diagonally dominant matriz, then A is a
nonsingular matrixz together, i.e., A~ exists.

Considering the properties of the LNE metric, we can easily make g~ ! (w) satisfy Defini-
tion 17 by adjusting the parameter 7. Furthermore, the existence of the inverse of the LNE
metric can be guaranteed on the basis of Definition 18. By placing a higher requirement, the
LNE metric is diagonally dominant. According to Corollary 19, the weak approximation of
the gradient in the LNE manifold can be calculated, giving rise to a nice feature to facilitate
the fast computation of the inverse.

Corollary 19 Based on Definition 17 and Definition 18, the weak approximation of the
gradient in the LNE manifold is defined as

B = [0 — tanh(m)tanh(mﬂ Do ~ [5+tanh(m)ta,nh(mﬂ dw  (29)
if the LNE metric is diagonally dominant.

Proof Considering the inverse of the LNE metric, due to the diagonally dominant property
in Definition 17 and Definition 18, we can approximate [§ — tanh(Tw)tanh(Tw)T]f1 by
ignoring the fourth-order small quantity > O(papppcpd), i-e.,

[(5 — tanh(Tw) tanh(Tw)T} [5 + tanh(7w) tanh(T'w)T]

[1—pipr —pip2 | [T+pp1 p1p2
— | —p2p1 1 —paps - P2P1 1+ p2p2
1 =3 O(papvpcpa) p1p2 — p1p2 — »_ O(papvpepa)
— | =p2p1 + p2p1 — Y. O(pappepd) 1 =3 O(papvpepd) | AT
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5.4 Training

Algorithm 1 An algorithm for the training of DNNs in the LNE manifold. We represent the
gradient in the LNE manifold as 0. For brevity, we ignore the normalization operation (Ioffe
and Szegedy, 2015; Ba et al., 2016).

Input: A minibatch of inputs and targets (x = ag,vy), & mapped to (W1, Way,..., W),

é mapped to (Wl, Wo,. .., W;), a nonlinear function f, a constant factor 7 and a

learning rate 7.

Output: The updated discretized parameters é .
1. {Forward propagation}
2: fori=1;i<l;i+ + do
3 Discretize W; = Q(W;);

4 Compute s; = Widi_l;

5: Discretize a; = Q (f ® s;);

6: end for

7. {Loss derivative}

8: Compute L = L(y, z);
9: Compute 0q,L = %‘z:dl;

10: {Backward propagation}

11: fori=1;1 > 1;i— — do

12: Compute Js,L = 0q,L © f(8;);

13: Compute dy;, L = (Vs,L) a;

14: Compute 5WiL = g_l(Wi)(‘)WiL based on Equation (27);

15: Compute 0a, ,L = VV;r (0s,L);
16: end for

17: {The parameters update}

18: fori=10;i > 1;i— — do

19:  Update W; < W, — - dw, L;
20: end for

21: Update € = [vec (Wl)T , vec (WQ)T 3o, VEC (WI)T] T§

Consequently, based on the previous work (Courbariaux et al., 2016), we give the prac-
tical algorithm of DNNs in the LNE manifold. As shown in Algorithm 1, this algorithm
is similar to the general algorithm of DNNs, except for Line 14. Recall that, in Figure 1,
the general DNNs use STE to simply copy the gradient, i.e., 5W1,L = 8W1_L, but we match
the gradient by introducing the LNE metric. Furthermore, we can practically calculate this
gradient in Line 14 via the strong approximation or the weak approximation in above.
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6. Ricci Flow Discretized Neural Networks

In this section, we propose Ricci flow discretized neural networks (RF-DNNs). When the
Ricci flow is introduced, it implies that the background of DNNs discussed here is the LNE
manifold. Our aim is to provide a practical solution for the metric perturbation and further
for the problem of gradient mismatch. Therefore, we will focus on how to calculate the
discrete Ricci flow in practice rather than just staying on theoretical analysis.

To relate the Ricci flow to neural networks, we need to discretize the Ricci flow and
choose a suitable coordinate system. For the left hand side of the Ricci flow, we have
established the connection between the LNE metric and neural networks in Section 3. Note
that we use the form of the LNE metric in the calculation, and such metrics at this time
are with perturbations. For the right hand side of the Ricci flow, we need to calculate
the Ricci curvature tensor with the coordinate system. And this coordinate system is the
key to linking the Ricci curvature and neural networks. Specifically, we define a method
for calculating the Ricci curvature in such a way that the selection of coordinate systems
is related to the input transformations, which implies that the Ricci curvature in neural
networks reflects the effect of different input transformations on the parameter.

6.1 Ricci Curvature in Neural Networks

Now we consider the Ricci curvature tensor on the Riemannian metric g. According to
Appendix A, its coordinate form can be expressed as

— 2Ric(g) = —2R},; = 2R},

. 30

= 9" (0i0kgpj — 0i0;gpk + Op0; ik + OpOkgis) - (30)
In order to relate the Ricci curvature to neural networks, we define a method for calculating
the Ricci curvature in such a way that the selection of coordinate systems is related to the
input transformations. When the Ricci curvature is equal to zero, it means that different
input transformations will not cause variations of the parameter.

Inspired by the previous work (Kaul and Lall, 2019), we can treat the terms 0; and
0p as variations for the translation and rotation of each input, respectively. In general,
since the data augmentation does not involve the rotation in real-world applications such
as image classification tasks (He et al., 2016; Shorten and Khoshgoftaar, 2019), we consider
the translation instead of the rotation by discarding the index p, i.e., 9,(9;gix + Orgij) = 0
for the fairness of ablation studies. When considering one of the translation and rotation,
g'P will degenerate into 6% (identity matrix). Subsequently, 9;drg and 9;0;g can be treated
as variations for the row and column transformation of the input data w.r.t. the metric g,
respectively. Further the Ricci curvature can be rewritten as

-2 Ric(g) = @'akgpj — 8i8jgpk- (31)

Remark 20 The choice of i and p is arbitrary (including k and j), and can even be other
coordinate representations. Here, we just give it a specific geometric meaning by considering
the characteristic of the image classification task.
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(a) Metric structure (g) (b) Ricci curvature structure (Ric(g))

Figure 5: By feeding the original image into the neural network and performing a forward
and backward on the linear layer to update the weights w, we can construct the
metric structure g(w) based on Section 5.1. In addition, we first process 4 different
small translation transformations (k1, k2, 71, and j2) on the original image, and
then input them into the neural network. By sequentially performing a forward
and backward, we can obtain four metric structures (g|r,, 9lk,, 9lj, and glj,)
under the corresponding translations. Combined with these metric structures,
we can present the Ricci curvature structure Ric(g).

As shown in Figure 5, with the help of Equation (31), we yield the Ricci curvature with
coordinate systems in terms of the difference equation:

. g’/ﬂ _g|k2 g|j1 _g‘]é
—2R = — 32
B T e Ty e

where we approximate partial derivatives with difference equations (Kaul and Lall, 2019),
i.e., 0i0kg = (9|, — 9lk,)/ (k1 — k2) and 0;0;9 = (glj, — 9l;,)/(j1 — j2) corresponding to the
input translation dimensions k£ and j, respectively. Note that g|x,, glk,, 9lj,, and g|;, are
four metric structures under different small translation transformations k1, ko, j1, and jo
respectively. In general, (k; — k2) and (j; — j2) are translations less than 4 pixels, which is
consistent with data augmentation (He et al., 2016).

6.2 Existence of Discrete Ricci Flow in Neural Networks

Recall that we previously considered the Ricci-DeTurck flow instead of the Ricci flow as the
solution of the Ricci flow does not always exist based on Section 2.3. If we can guarantee
that the solution of Ricci flow exists in neural networks, then we can use the Ricci flow to
exponentially decay the metric perturbation based on Section 4.4.

We have considered the right hand side of the Ricci flow in Equation (6), i.e., the Ricci
curvature tensor. Now we define the equivalent form of the left hand side of the Ricci flow
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in terms of the difference equation:

0
590 = g(t+1) —g(t). (33)
where ¢t € {0,1,---,T — 1} is a uniform partition of the interval [0,7]. In the training

of neural networks, 7" is the total number of iterations. As the limit 7' — oo, the above
formula holds on.

Combining Equation (32) and Equation (33) in neural networks, we present the expres-
sion of the discrete Ricci flow in terms of the difference equation:

_ 9Ol =90y 90 — 9O
ot+ Dl —g(t)hy = L2 P 50

9(0)|, = § — tanh(rw) tanh(rw) "

To ensure the existence of the solution of the discrete Ricci flow, we are able to achieve this
goal by adding a regularization into the loss function to constrain the discrete Ricci flow in
DNNs. Following Equation (34), we further present the regularization:

2

, (35)
L2

9Ok, — 9() |k, N gDl — 9(t)|
k1 — ko J1—J2

N = Hg(” Dl = 9(8) 1y —

where ¢(t) is e-close to the LNE metric go based on Definition 21. In other words, g(t) is
LNE metric with perturbations.

Definition 21 (Sheridan and Rubinstein, 2006) Let g(t) be the metrics on the LNE mani-
fold. Fore >0, Br2(go,€) is the e-ball with respect to the L?-norm induced by go and centred
at go, where any metric g(t) € Brz2(go,€) is e-close to go if

(1+6) g0 < g(t) < (1+€)go
in the sense of matrices.

By constraining the regularization IV in DNNs, the solution of the discrete Ricci flow
exists when N — 0. Simultaneously, the metric perturbation will exponentially converges
(g(t) = go) as the evolution of the discrete Ricci flow.

6.3 Algorithm Design

By applying the constraints of the discrete Ricci Flow in layer-by-layer LNE manifold, we
can finally alleviate the problem of gradient mismatch. Since the background is the LNE
manifold, we can construct the satisfied gradient on the basis of Equation (27). Note that,
at this time, the metric is time-dependent under the Ricci flow, i.e., gu,(%).

With the indicator function I to represent the constraints of the discrete Ricci flow, we
yield the gradient under the discrete Ricci flow as follows:

1 if |[N|<e

0 otherwise (36)

Dwl = gy (t)0Q(w) - I, where I:= {
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Algorithm 2 An algorithm for the training our RF-DNNs in the LNE manifold. We define
a parameter « for balancing the regularization to ensure the existence of the solution of the
discrete Ricci flow. For brevity, we ignore the normalization operation (loffe and Szegedy,
2015; Ba et al., 2016).

Input: A minibatch of inputs and targets (x = ao,y), € mapped to (W1, Wy, ..., W),

é mapped to (Wl, Wg, R W, , a nonlinear function f, a constant factor 7 and a

learning rate 7.
Output: The updated discretized parameters é’ .
1: {Forward propagation}
2: fori=1;i <l;i++ do
3 Compute W; = Q(W));
4 Compute s; = Wi&i_l;
5: Compute a; = Q (f @ s;);
6: end for
7. Compute the regularization N based on Equation (35);
8: {Loss derivative}
9: Compute L = L(y,z) + a- N;
10: Compute Oq,L = %‘z:al,
11: {Backward propagation}
12: fori=1;1>1;i— — do
13: Compute Js, L = 0q,L © f’ (sz)'
14 Compute dy, L = (Vsz )ya, i;

15: Compute 8W L= gW ( )Ow/ L -1 based on Equation (36);
W, (

16: Compute 05, L 631L);
17: end for

18: {The parameters update}

19: fori=1[;i>1;i— — do

20: Update W, <~ W, —n- éWiL;
21: end for

22: Update é = [VGC (Wl)T , vec (WQ)T ,...,VeC (Wl)T] T;

where we define a small constant €. Furthermore, due to the error in estimating the the
regularization with finite training time, we allow an e-bounded error in the above formula-
tion, which also implies that the cases are less than or equal to ¢ (rather than strictly equal
to 0), all satisfy the discrete Ricci flow.

The overall process is shown in Algorithm 2. Compared with Algorithm 1, we add Line
7 and Line 15. In Line 7, we need to calculate the regularization to ensure that the solution
of discrete Ricci flow exists. On the other hand, in Line 15, we calculate the gradient in the
LNE manifold under the discrete Ricci flow, unlike Algorithm 1 which just calculates the
gradient in the LNE manifold with perturbations. When we apply the Ricci flow, it means
that the LNE manifold at this time is dynamic and anti-perturbation.
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Remark 22 [n addition to using the discretized weight and activation, DNNs need to save
the non-discretized weight and activation for gradient update. Note that the gradient of a
DNN is non-discretized.

6.4 Complexity Analysis

Based on Algorithm 2, one knows that the forward time complexity is about O(n?) where
the time complexity of Line 4 and Line 5 are about O(n?) and O(n), respectively. In the
backward pass, the time complexity of Line 13 is about O(n). Then the time complexity
of the gradients w.r.t. the weight (Line 15) and activation (Line 17) both are about O(n?).
Therefore, the backward time complexity is about O(2n?). For a training process of a neural
network, its total complexity is O(n?).

Since the computation of the Ricci curvature involves four different translations of input
data w.r.t. the metric, its time complexity is about O(n?). In this way, the updated weights
are only used to calculate the constraints of discrete Ricci flow, and the final weights can
be obtained by a backward pass again. The time complexity of Line 16 is O(n?) when we
use the weak approximation to calculate the gradient. Thus, the total complexity of our
RF-DNN is still O(n?). Hence, the complexity of the RF-DNN keep consistency with the
general neural network.

7. Experiments

In this section, we design ablation studies to compare our RF-DNN ? trained from scratch
with other STE methods. Furthermore, given a pre-trained model, we evaluate the perfor-
mance of the RF-DNN in comparison with several representative training-based methods
on classification benchmark datasets. All the experiments implemented in Python are con-
ducted with PyTorch (Paszke et al., 2019). The hardware environment is conducted on a
Workstation with an Intel(R) Xeon(R) Silver 4214 CPU(2.20 GHz), GeForce GTX 2080Ti
GPU and 128GB RAM.

7.1 Experimental Settings

The two datasets used in our experiments are introduced as follows.

CIFAR datasets: There are two CIFAR benchmarks (Krizhevsky et al., 2009) con-
sisting of natural color images with 32 x 32 pixels, respectively, 50k training and 10k test
images, and we pick out 5k training images as a validation set from the training set. CIFAR-
10 consists of images organized into 10 classes and CIFAR-100 into 100 classes. We adopt a
standard data augmentation scheme (random corner cropping and random flipping) that is
widely used for these two datasets. We normalize the images with the means of the channel
and standard deviations in preprocessing.

ImageNet dataset: The ImageNet benchmark (Russakovsky et al., 2015) consists of
1.2 million high-resolution natural images, where the validation set contains 50k images.
These images are organized into 1000 categories of the objects for training, which are resized

9. In order to calculate the gradient conveniently, we use the weak approximation of the inverse of the LNE
metric in all experiments.
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to 224 x 224 pixels before fed into the network. In the next experiments, we report our
single-crop evaluation results using top-1 and top-5 accuracies.

We specify the discrete function, the composition of which has a significant influence
on the performance and computation of DNNs. Specifically, the discrete function is able
to simplify the calculations which are also varied depending on the different discrete val-
ues, e.g., fixed-point multiplication, SHIFT operation (Elhoushi et al., 2019) and XNOR
operation (Rastegari et al., 2016) etc.

We mark Q' as the 1-bit discrete function:

Q'(-) =sign(-) = {~1,+1}. (37)
The k-bit, over 1-bit, discrete function can be marked as QF,
2 . 1
k>1 k
) = d|2"—1){—+=]| -1 38

where round|[-] is the rounding function and max|-| means to calculate the absolute value
of the input first, and then find its maximum value. In this way, a DNN using discrete
function Q'(+) can be calculated with XNOR operation and using discrete function Q*>1(.)
can be calculated with fixed-point multiplication.

7.2 Ablation Studies with STE Methods

In order to illustrate the superiority of RF-DNN against the problem of gradient mismatch,
we compare our RF-DNN with three other methods by training from scratch. In Table 1,
Table 2 and Table 3, we mark {—1,+1} in ‘Forward’, which indicates that the weights are
binarized using Equation (37), i.e., —1 or +1, in the forward of DNNs. In the backward,
the methods (Dorefa (Zhou et al., 2016), MultiFCG (Chen et al., 2019) and FCGrad (Chen
et al., 2019)) use the different approximated gradients to update the weights. Here, we
apply different ResNet models (He et al., 2016) to compare ablation studies.

The batch normalization with a batch size of 128 is used in the learning strategy, and
Nesterov momentum of 0.9 (Dozat, 2016) is used in SGD optimization. For CIFAR, we set
total training epochs as 200 and set a weight decay of 0.0005 where the learning rate is
lowered by 10 times at epoch 80, 150, and 190, with the initial value of 0.1. For ImageNet,
we set total training epochs as 100 and set the learning rate of each parameter group using
a cosine annealing schedule with a weight decay of 0.0001. All experiments are conducted
for 5 times, and the statistics of the last 10/5 epochs’ test accuracies are reported for a fair
comparison. Hence, we evaluate the accuracy performance in terms of (mean + std). Note
that we perform standard data augmentation and pre-processing on CIFAR and ImageNet
datasets.

In Table 1, Table 2 and Table 3, we use the same the discrete function Q!(-), parameter
setting and optimizer for fairness in the forward. The only difference is the gradient in
the backward propagation. The performance in various models and datasets shows that
our RF-DNN has significant improvement over other STE methods. The average results
of multiple experiments are better than that of other methods, which may benefit from
the alleviation of the gradient mismatch to make the loss function of DNNs more fully
descended. In addition, the minor variances show that our training method is relatively
stable, which also confirms our point of view.
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Table 1: The experimental results on CIFAR10 with ResNet20/32/44. The accuracy of
full-precision (FP) baseline is reported by (Chen et al., 2019).

Network Forward Backward Test Acc (%) FP Acc (%)

Dorefa 88.28+0.81

ResNet20 {—1,+1} MultiFCG 88.9440.46 91.50
RF-DNN 89.834+0.23
Dorefa 90.23+0.63

ResNet32 {-1,+1} MultiFCG 89.6340.38 92.13
RF-DNN 90.75+0.19
Dorefa 90.7140.58

ResNet44 {-1,+1} MultiFCG 90.5440.21 93.56

RF-DNN 91.63+0.11

Table 2: The experimental results on CIFAR100 with ResNet56/110. The accuracy of full-
precision (FP) baseline is reported by (Chen et al., 2019).

Network Forward Backward Test Acc (%) FP Acc (%)

Dorefa 66.71+2.32
MultiFCG 66.58+0.37
ResNet56  {—1,+1} FCCrad 66.560.35 71.22
RF-DNN 68.56+0.32
Dorefa 68.151+0.50
ResNet110 {_17+1} MultiFCG 68.27+0.14 79 54

FCGrad 68.74+0.36
RF-DNN 69.20+0.28

7.3 Convergence and Stability Analysis

Since the standard deviations can reflect the convergence and stability of training to a
certain extent, we visualize the Table 1 as shown in Figure 6(a). Intuitively, compared to
Dorefa and MultiFCG, our proposed RF-DNN can better alleviate the perturbations caused
by the gradient mismatch to achieve more stable performance. Furthermore, we also present
the accuracy performance of RF-DNN with different bit width weight representations in
Figure 6(b). And we see fairly consistent stability across different bit width and backbone
models.

As shown in Figure 7, the RF-DNN can achieve higher accuracies than Dorefa on CI-
FARI100 dataset, i.e., 1.25% higher on the training dataset with ResNet56, 1.85% higher
on the test dataset with ResNet56, 1.97% higher on the training dataset with ResNet110
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Figure 6: Accuracy performance (mean + std) for ResNet20/32/44 on CIFAR10. The line
and bar represent the mean and standard deviation of the different random seed
results, respectively. (a) We compare our RF-DNN with Dorefa and MultiFCG
via the 1bit weight representation, which is also the visualization of Table 1. (b)
We present our RF-DNN via different bit width weight representations. Note that
higher mean and lower deviation always implies better convergence and stability.
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Figure 7: Training and test curves of ResNet56/110 on CIFAR100 compared between
Dorefa and RF-DNN. Intuitively, RF-DNN has a more stable training perfor-

mance than Dorefa.
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Table 3: The experimental results on ImageNet with ResNet18. The accuracy of full-
precision (FP) baseline is reported by (Chen et al., 2019).

Network Forward Backward Test Topl/Top5 (%) FP Topl/Top5 (%)

Dorefa 58.3442.07/81.47+1.56
MultiFCG 59.47+0.02/82.41+0.01
FCGrad 59.8340.36/82.6740.23
RF-DNN  60.83+0.41/83.54+0.18

ResNet18 {—1,+1} 69.76/89.08

and 1.05% higher on the test dataset with ResNet110. In addition, it can be seen from the
fluctuation of the test curves in Figure 7 that the RF-DNN has a tremendous improvement
compared with the Dorefa on the stability of training. From the training curve, our method
significantly outperforms Dorefa, of course, this needs to be combined with the test curve
to explain the superiority of RF-DNN. From the test curve, the accuracy of our method
is always higher than that of Dorefa, and the corresponding volatility has improved. The
experimental results verify that our theoretical framework is an effective solution against
the gradient mismatch, further improving the training performance of DNNs.

7.4 Comparisons with Training-based Methods

In this experiment, based on a full-precision pre-trained model, we compare the RF-DNN
with several state-of-the-art DNNs, e.g., DeepShift (Elhoushi et al., 2019), QN (Yang et al.,
2019), ADMM (Leng et al., 2018), MetaQuant (Chen et al., 2019), INTS8 (Zhu et al., 2020),
SR+DR (Gysel et al., 2018), ELQ (Zhou et al., 2018), MD (Ajanthan et al., 2021) and
RQ (Louizos et al., 2019), under the same bit width using Equation (37) or Equation (38).
Note that W and A represent the bit width of weights and activations respectively in
Table 4. Consequently, the experimental results show that our RF-DNN is able to achieve
better performance than other recent state-of-the-art training-based methods, which seems
to benefit from our effective solution of the gradient mismatch.

8. Conclusion and Future Work

Traditional discretized neural networks (DNNs) tell us that the weights can only take low-
precision discrete values, as well as the activations. This makes DNNs’ memory footprint
very light compared to full-precision floating point networks. However, it makes their
training difficult: to maintain discrete weights, in general, the gradient w.r.t. discrete
weights is approximated with the Straight-Through Estimator (STE), which causes the
update weight to differ from the gradient w.r.t. continuous weights (gradient mismatch).
This paper proposes a novel analysis of the gradient mismatch phenomenon through
the lens of duality theory. This mismatch is then viewed as a metric perturbation in a
Riemannian manifold. In theory, on the basis of the information geometry, we construct
the LNE manifold for neural networks, such that forming the background to effecively
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Table 4: The classification accuracy results on ImageNet and comparison with other
training-based methods, with AlexNet (Krizhevsky et al., 2012), ResNetl8,
ResNet50 and MobileNet (Howard et al., 2017). Note that the accuracy of full-
precision baseline is reported by (Elhoushi et al., 2019).

Method W A Top-1 Top-5
Accuracy Gap Accuracy Gap
AlexNet (Original) 32 32 56.52% - 79.07% -
RF-DNN (ours) 6 32 56.39% -0.13% 78.78% —0.29%
DeepShift (Elhoushi et al., 2019) 6 32  54.97% —-1.55%  78.26%  —0.81%
ResNet18 (Original) 32 32 69.76% - 89.08% -
RF-DNN (ours) 1 32 67.05% —2.71% 88.09% —0.99%
MD (Ajanthan et al., 2021) 1 32 66.78%  —298%  87.01%  —2.07%
ELQ (Zhou et al., 2018) 1 32 66.21% —3.55% 86.43% —2.65%
ADMM (Leng et al., 2018) 1 32 64.80% —4.96% 86.20% —2.88%
QN (Yang et al., 2019) 1 32 66.50% —3.26% 87.30% —1.78%
MetaQuant (Chen et al., 2019) 1 32 6344%  —6.32%  84.77%  —4.31%
RF-DNN (ours) 4 4 66.75% —3.01% 87.02% —2.06%
MLouizos et al.,_2019) 4 4 62.46% —7.30% 84.78% —4.30%
ResNet50 (Original) 32 32  76.13% - 92.86% -
RE-DNN (ours) 8 8 76.07% —0.06% 92.87% 10.01%
INTS (Zhu et al., 2020) 8 8 T58T%  —0.26% ; .
MobileNet (Original) 32 32 70.61% - 89.47% -
RF-DNN (ours) ) 5 61.32% —9.29% 84.08% —5.39%
SR4DR (Gysel et al., 2018) 5 5 59.30% —11.22% 82.35%  —7.12%
RQ ST (Louizos et al., 2019) ) ) 56.85%  —13.76%  80.35% —9.12%
RF-DNN (ours) 8 8 70.76% +0.15% 89.54% 40.07%
RQ (Louizos et al., 2019) 8 8 70.43% —0.18% 89.42% —0.05%

deal with a metric perturbation. By revealing the stability of LNE metrics with the L2-
norm perturbation under the Ricci-DeTurck flow, we subsequently introduce the Ricci flow
Discretized Neural Network (RF-DNN) in practice by using the constraints of the discrete
Ricci flow in the LNE manifold to alleviate the metric perturbation with the exponential
convergence rate, giving rise to an appealing solution for STE in DNNs. Experimentally,
our RF-DNN achieves improvements in both the stability and performance of DNNs.

In this paper, information geometry is a very important part of combining the geometric
tool (Ricci flow) and neural networks. Our future research will continue to explore the
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connection between neural networks and manifolds and aim to introduce geometric ideas to
solve practical problems in machine learning.
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Appendix A. Differential Geometry

1. Riemann curvature tensor (Rm) is a (1,3)-tensor defined for a 1-form w:
Réjkwl = Viijk; — Vjviwk

where the covariant derivative of F' satisfies

l
V F]l Ji_ a F]l ]z ZFJl---‘q"-]lI‘]s ZFjl i

i1 0 1.0 1.2k 01...q... 0 plg

In particular, coordinate form of the Riemann curvature tensor is:

! ! ! !
szk = 0il'y, — 01, + F?krip — 5T

2. Christoffel symbol in terms of an ordinary derivative operator is:

1
ri?j = 5gkl(&gﬂ + 0;9i1 — O1935)-

3. Ricci curvature tensor (Ric) is a (0,2)-tensor:

Ri;j = RP,..

pij°
4. Scalar curvature is the trace of the Ricci curvature tensor:
R = gij RU

5. Lie derivative of F in the direction dflgt).

d X
£d4p(t)F <dt (t)F> -

where ¢(t) : M — M for t € (—¢,€) is a time-dependent diffeomorphism of M to M.

Appendix B. Notation

For clarity of definitions in this paper, we list the important notations as shown in Table 5.

Appendix C. Proof for the Ricci Flow
C.1 Proof for Lemma 5

Lemma 23 The linearization of the Ricci curvature tensor is given by
) 1
D[Ric|(h)i; = _igpq(vpvqhij + ViVihpg = VqVibjp = VVjhip).
Proof Based on Appendix A, we have

V,Vihjy = ViVahjp — Rliihyy — RE

qij qiphjm‘
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Table 5: Definitions of notations

W weight matrix W discretized weight matrix
v for the i-th layer v for the i-th layer
w: vectorized weights - discretized vectorized weights
' in each layer ' in each layer
o activation vector an discretized activation vector
v for the i-th layer v for the i-th layer
& parameter vector &: discretized parameter vector
o : k-bit discrete functi
Q' 1-bit discrete function Q1 ( ovérr 111(:11;(; ¢ merion
Euclid tri
J: Juchdean mettie d: convex function
(identity matrix)
. . _ LNE metric
go: LNE metric under Ricci flow | go: under Ricei-DeTurck flow
the metrics
. th : el fl o
g or g(t): the metrics under Ricci flow | g or g(t) under Ricei.DeTurck flow
o . . _ initial metric
g(0): initial metric under Ricci flow | g(0) under Ricci-DeTurck flow
. . the time-evolving
: h 1 :
d(0) the initial perturbation d(t) perturbation
D: divergence Lor L: loss function
Ly,: Lichnerowicz operator L? or L™: norm
0: partial derivative V: covariant derivative
L: Lie derivative Agy: the Laplacian
Rm: Riemann curvature tensor I nonlinear function
: . . the li izati f
Ric: Ricci curvature tensor DIRic]: ¢ teatization o
the Ricci curvature tensor
p*: pullback s pushforward
he e-ball with
the ball with a radius r _ the € é)a Wlt. respect to,
B(z,r) . Br2(go,€): the L*-norm induced by go
and a point x € M _
and centred at gy

Combining with Lemma 23, we can obtain the deformation equation because of Vg = 0,

1 1
D[-2Ric|(h)i; =g"VpVqhij + Vi <2vjhpq - vthp) TV <2vihpq - thip) + O(hij)

=g"IV,Vehij + ViV + V;Vi + O(hyj).

34




LEARNING DISCRETIZED NEURAL NETWORKS UNDER Ricci FLow

C.2 Description of the DeTurck Trick

Based on the chain rule for the Lie derivative in Appendix A, we can calculate

2, = 21" 0att)
_ <a<so*<t+f>g<t+r>>
or —0
e 09t +7) O (" (t+7)3(t))
<90 ) or >To i or >T0

where aggt) is equal to V (t) (Sheridan and Rubinstein, 2006). With the help of Equation (6),
we have the following expression for the pullback metric g(t)

2 9(1) = (1) 5:3(0) + 9" (DL s 3(1) = ~2Ric(g* (13(1)) = ~26*(1) Ric(g(t)).  (39)

]

The diffeomorphism invariance of the Ricci curvature tensor is used in the last step. The
above equation is equivalent to

aatg(t) = —2Ric(g(t)) — Lopw g(t).

ot

Based on Definition 24, we further yield

0 .
59(t) = —2Ric(g(t)) — ViV, = V.

Definition 24 (Sheridan and Rubinstein, 2006) On a Riemannian manifold (M, g), we
have
(ﬁxg)ij = Vin + Vin,

where V denotes the Levi-Civita connection of the metric g, for any vector field X .

C.3 Curvature Explosion at Singularity

In general, we present the behavior of Ricci flow in finite time and show that the evolution of
the curvature is close to divergence. The core demonstration is followed with Theorem 28.

Theorem 25 (Sheridan and Rubinstein, 2006) Given a smooth Riemannian metric go on
a closed manifold M, there exists a maximal time interval [0,T) such that a solution g(t)
of the Ricci flow, with g(0) = go, exists and is smooth on [0,T), and this solution is unique.

Theorem 26 Let M be a closed manifold and g(t) a smooth time-dependent metric on M,
defined for t € [0,T). If there exists a constant C < oo for all x € M such that

dt < C, (40)
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then the metrics g(t) converge uniformly as t approaches T to a continuous metric g(T)
that is uniformly equivalent to g(0) and satisfies

e_ng(O) < gz(T) < ech(()). (41)

Proof Considering any x € M, to € [0,T), V € T, M, we have

to O
| i)
-] A

to
<)
0

to
<)
0

<C.

0 Vv Vv
Do (o Y
ot Vigw Vg

dt

793{: (t)
2L PO

By exponentiating both sides of the above inequality, we have
e 2 (0)(V,V) < ga(t0) (V. V) < e“g(0)(V, V).
This inequality can be rewritten as
¢~ C92(0) < gu(to)(V,V) < e“g.(0)(V, V)

because it holds for any V. Thus, the metrics ¢g(¢) are uniformly equivalent to g(0).
Consequently, we have the well-defined integral:

T
9x(T) — 92(0) :/0 %gx(t)dt.

We can show that this integral is well-defined from two perspectives. Firstly, as long as
the metrics are smooth, the integral exists. Secondly, the integral is absolutely integrable.
Based on the norm inequality induced by ¢(0), we can obtain

0
&gf (t) dt.

g(0)

T
I%@%WNM@SZ

For each © € M, the above integral will approach zero as t approaches 7. Since M is
compact, the metrics g(t) converge uniformly to a continuous metric g(7") which is uniformly
equivalent to ¢g(0) on M. Moreover, we can show that

e “9:(0) < go(T) < €“g,(0).
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Corollary 27 Let (M, g(t)) be a solution of the Ricci flow on a closed manifold. If | Rm |y
is bounded on a finite time [0,T), then g(t) converges uniformly as t approaches T to a
continuous metric g(T) which is uniformly equivalent to g(0).

Proof The bound on |Rm |, implies one on |Ric|yy). Based on Equation (6), we can
extend the bound on |%g(t)| g(t)- Therefore, we obtain an integral of a bounded quantity
over a finite interval is also bounded, by Theorem 26. |

Theorem 28 If gy is a smooth metric on a compact manifold M, the Ricci flow with
g(0) = go has a unique solution g(t) on a maximal time interval t € [0,T). If T < oo, then

lim <Sup |Rmx(t)|> = 00. (42)

Proof For a contradiction, we assume that | Rm,(¢)| is bounded by a constant. It follows
from Corollary 27 that the metrics g(t) converges smoothly to a smooth metric g(T"). Based
on Theorem 25, it is possible to find a solution to the Ricci flow on t € [0,T), as the smooth
metric g(7') is uniformly equivalent to the initial metric g(0).

Hence, we can extend the solution of the Ricci flow after the time point ¢ = T', which
contradicts the choice of T" as the maximal time for the existence of the Ricci flow on [0, 7).
In other words, | Rm,(¢)| is unbounded. [ |

As approaching the singular time 7', the Riemann curvature | Rm |4(;) becomes no longer
convergent and tends to explode.

Appendix D. Proof for All Time Convergence in LNE Manifolds

Definition 29 (Deruelle and Kroncke, 2021) A complete LNE n-manifold (M™, go) is said
to be linearly stable if the L* spectrum of the Lichnerowicz operator Ly, := Ay, +2Rm(go)*
is in (—oo,0] where Ay, is the Laplacian, when Lg, acting on d;j satisfies

Ly, (d) = Agod+2Rm(go) * d

km _In (43)
= Agod + 2Rm(go)ikijdmngs " 90" -

Definition 30 (Deruelle and Krioncke, 2021) A n-manifold (M™, go) is said to be integrable
if a neighbourhood of go has a smooth structure.

We rewrite the Ricci-DeTurck flow (21) as an evolution of the difference d(t) := g(t) — go,
such that

0 0 L L _ _
—;d(t) = :9(t) = —2Ric(g(t)) + 2 Ric(go) + Low ) Jo — Laww G(t)
815 815 ot ot

= Ad(t) + Rmd(t) + Fj-1 % VPd(t) % VPd(t) + VP (Gpgy) * d(t) * Vd(t)) ,
(44)
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where the tensors F and G depend on g~! and I'(gp). Note that go is the LNE metric which
satisfies the above formula.

In the follwing, we denote || - |[2 or || - ||z as the L?-norm or L>°-norm w.r.t. the LNE
metric gg, and mark generic constants as C or Cf.

Lemma 31 Let g(t) be a Ricci-DeTurck flow on a mazimal time interval t € (0,T) in an
L?-neighbourhood of gy. We have the following estimate:

i (45)

0
Hatd[)(t)

<C Hv%(ﬂ (d(t) — do(t))) .
L2 L?
Proof According to the Hardy inequality (Minerbe, 2009), we have the same proofs by

referring the details (Deruelle and Kroncke, 2021). [ |

Theorem 32 Let (M™,go) be the LNE n-manifold which is linearly stable and integrable.
Then, there exists a constant ag, satisfying

(Ad(t) + Rm(go)  d(t), d(t)) 12 < —ag, | VOd()]|7. (46)
for all §(t) € F whose definition is given in Equation (24).

Proof The similar proofs can be found in (Devyver, 2014) with some minor modifications.
Due to the linear stability requirement of LNE manifolds in Definition 29 and Definition 30,
—Lg, is non-negative. Then there exists a positive constant ag, satisfying

agy (—Ad(t),d(t)) 2 < (=Ad(t) — Rm(go) * d(t),d(t)) 2 -

By Taylor expansion, we repeatedly use elliptic regularity and Sobolev embedding (Pacini,
2010) to obtain the estimate. [ |

Corollary 33 Let (M™,go) be the LNE n-manifold which is integrable. For a Ricci—DeTurck
flow g(t) on a mazimal time interval t € [0,T], if it satisfies ||g(t) — go|| L~ < € where e > 0,
then there exists a constant C' < oo fort € [0,T] such that the evolution inequality satisfies

" at. (47)

L2

rwwﬂmm@chWWMWawﬂmm\

Proof Based on Equation (44), we know

0

£5(d(t) = do) =A(d(t) ~ do) + R (d(t) — do)

+ Fyo1 % V9 (d(t) — do) * VP (d(t) — do)
+ V9 (Gr gy * (d(t) — do) * VI (d(t) — dp)) -
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Followed by Lemma 31 and Theorem 32, we further obtain

2 1(t) — o} =2 (A(d(t) ~ do) + R x(d(t) — o), d(t) — do)
+ (Fyo1 % Vo (d(t) — do) * Vo (d(t) — do), d(t) — do) ,»

(790 (G * () — do) = VR (d(1) — do)  d(t) — o) .

+ <d(t> — do, gtdo(t)> L + /M (d(t) — do) * (d(t) - do) * aatdo(t)du

< — 2ag, [[V* (d(t) — do)[ 7
+ CI(A(t) = do)| o [|V% (d(t) — do)]|[2.
Hdo o) - dale
< (~2ag, + C-€) | VP (d(t) — do) |5

Let € be a small enough constant that —2ag, + C - € < 0 holds, we can find

0 _
g ld(®) = doll32 < ~C [[V% (d(t) — do) |5

holds. [ |

Appendix E. Proof for the Information Geometry
E.1 Proof for Theorem 10

The LNE divergence can be defined between two nearby points € and &', where the first
derivative of the LNE divergence w.r.t. £ is:

O DrnEl€ : €]

= Z [851:2 log cosh(7&;) — Oy % log cosh(7&;) — 85/ (& — &) tanh(7&;)

1 1
= Z 8513 log cosh (7€) — - tanh(7€).
i
The second derivative of the LNE divergence w.r.t. &' is:

8 Dinple €] = 282/ log cosh(7¢}).
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We deduce the Taylor expansion of the LNE divergence at & = &:

dg
g=¢

-
Dingl€ € ~ Divplé: €+ (Z 85/— log cosh(7E}) — 1tanh(7’£)>

+ dﬁT (Z oyl 5 log cosh(T§Z)> dg
¢/=¢
B + . [0 cosh(TE)
—0+0+—2d£ 0 |:COSh(T£):| d¢
§T8 cosh (7€) cosh(7€) — O cosh(7€)0 cosh(7€)T d
" 272 cosh?(7€)
1 1+ (06%cosh(r€)  , [sinh(r€)] [sinh(7€) T
B ﬁds ( cosh(r€) ’ |:COSh(T£):| [cosh(Tg)} ) a

Z Z { {tanh (7€) tanh(7€) } ,dﬁz‘dfj} .

E.2 Proof for Lemma 11

We would like to know in which direction minimizes the loss function with the constraints
of the LNE divergence, so that we do the minimization:

dg* = arg min L(& + d€)
d€ s.t. Dpnpl€&:€+dé]l=c

where c is the constant. The loss function descends along the manifold with constant speed,
regardless the curvature.

Furthermore, we can write the minimization in Lagrangian form. Combined with The-
orem 10, the LNE divergence can be approximated by its second order Taylor expansion.
Approximating L(&€ + d€) with it first order Taylor expansion, we get:

dg* = argd?in LE&+dE)+N(DrNEl€: €+ dE]—c)
: T AT
~ argdrgmn L(€) + 0eL(§) d€ + §d£ g(&)d€ — cA.
To solve this minimization, we set its derivative w.r.t. d§ to zero:
0 A
0= 5k + O¢L(€)Tdg + SdeT [5 — tanh(r€) tanh(Tg)T} g — e\
— 0¢L(€) + A [5 ~ tanh(r€) tanh(fgﬂ de

g = —% [5 — tanh(r€) tanh(fgﬂ T BeL(g)

where a constant factor 1/\ can be absorbed into learning rate. Therefore, we get the
optimal descent direction, i.e., the opposite direction of gradient, which takes into account

the local curvature defined by [§ — tanh(7€) tanh(7€) ] -
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